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Neutral curves and stability boundaries in stratified flow

By LOUIS N. HOWARD
Mathematics Department, Massachusetts Institute of Technology

(Received 29 January 1963)

An example is presented which shows that the boundary of stability in an
antisymmetric stratified shear flow is not necessarily marked by steady neutral
waves with ¢ = 0. The stability characteristics of stratified shear flow in the
neighbourhood of the neutral curve are also discussed.

1. Introduction

This note is intended as a supplementary comment on a recent paper by Miles
(1963). Professor Miles has suggested to me that an example I constructed last
summer may be of some general interest. This example seems to be the simplest
one illustrating the fact that the ‘principle of exchange of stabilities’ is not
necessarily true for antisymmetric stratified shear flow, and also helps to clarify
the physical mechanism which in some cases leads to the violation of this prin-
ciple. This example is presented and discussed in § 2.

I also take this opportunity to present, in § 3, a generalization, to the case of
stratified flow, of the well-known perturbation for the unstable waves adjacent
to the neutral solution corresponding to the inflexion point, in homogeneous
parallel inviscid flow (cf. Lin 1955). This gives a way of finding some aspects of
the stability of stratified flow near the neutral curve which seems to be rather
more direct than the methods used in Miles’s paper (1963) and does not appear to
require the analyticity of the velocity and density profiles. On the other hand,
Miles’s methods give a more detailed picture of the instability, and seem more
suitable for studying higher approximations.

2. Example

In this note, as in Miles (1963), the ‘Boussinesq approximation’ of neglect of
the inertial effects of density stratification is used. The stability equation then
becomes (cf. Miles 1961):

(U= F'T —a*(U—c)*F +gpF = 0, (1)

where U = U(y)is the basic parallel flow, the stream function of the perturbation
is (U —c¢) F(y) ei*==<b and f(y) = — p’[p is the static stability. If U is odd and g
is even, this equation is unchanged if ¢ is replaced by —c and F(y) by F(—y).
We suppose that the boundaries, if any (on which the boundary conditions F = 0
areimposed), are also symmetrically disposed with respect toy = 0. The equation
is also unchanged if ¢ is replaced by its complex conjugate ¢ and F by F. Thus an
eigenfunction with ¢ = ¢, +4c;, must be accompanied by eigenfunctions with
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¢ = tec,tic;, the two ambiguous signs being independent, though ounly the
solutions with ¢; > 0 are actually relevant to the solution of an initial-value
problem, or as limits for viscosity approaching zero. In particular, a singular
neutral mode, i.e. a solution with ¢; = 0 which is a limit of unstable solutions,
must have ¢ = 0 (‘principle of exchange of stabilities’) if it is unique; similarly
onemightexpect an unstable wave to have c pure imaginary. Physically speaking,
the symmetry (or antisymmetry) means that neither left nor right is preferred
as a direction of propagation of the wave, so the wave must stand still-——unless
“it’ 18 actually two waves with opposite directions of propagation thus restoring the
symmetry without requiring ¢ = 0 or ¢ pureimaginary. The purpose of the present
example is to show that this second possibility can really occur, even with mono-
tonic density and velocity profiles.

The example is U=sgny (lyl>1),

U=0 (Jy| < 1), (2)
f=0y+1)+dy—1),

i.e. essentially a pair of Kelvin—-Helmholtz shear layers. Within the intervals of
continuity of the profiles, the stability equation reduces to F” —a%F = 0; the
boundary conditions are F(+oo) = 0, and the jump conditions at + 1, derived
for example by the usual considerations of continuity of pressure, etc., are:
F continuous, A[(U —¢c)2 F']+¢F = 0, A standing for the jump in crossing the
interface in the positive sense. The velocity and length scales having been chosen
already in a dimensionless way in writing down (2), the parameter g should be
thought of as an overall Richardson number, rather than the gravitational
acceleration. By using the boundary and jump conditions, the eigenfunction

is found to be: F = (A+Be)ewtd  (y<—1)

=Ae WD L Berw D (—1<y<]1) (3)
= (Ae?*+B)e vV (1 <y),
where A[-l+g/oc~2c——2c2]+Be“2“[—l+g/oc-—2c]=0} @
and Ae?[—1+gj/a+2c]+ B[—1+gfo+ 2c—2¢2] = 0.

The eigenvalue relation is obtained by insuring that the two equations (4) are
consistent; setting b = g/a—1 and a? = 1 —e¢™4* it can be written

[2c2— k]2 —4c%a? = (1 —a2) k2. (5)

The temptation to solve this as a quadratic in ¢? shounld be resisted, and (5)

rewritten as
[2¢2— h—a?]? = (a®+ h)2—a?h? = (a®+ h—ah) (a2 + h+ah). (6)

Let R? = }(a®*+h—ah) and R} = }(a®+ k+ ah). Then (6) becomes
(- RI—RY)2 = 4RR}, or [—(R,+Ry?)[c— (R~ Ry)?] = 0.
From this we see that the four roots of (5) are all given by

C=R1+R2, (7)
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where R? = Ha®+h—ahk), R = }(a®+ h+ah), the two independent ambiguous
signs implied in the definitions of R, and R, giving the four roots. The stability
characteristics are now easily read off. Since a < 1, it is clear that both R2 and
R% are positive when
k> —a?/(1+a),

£? < 0 and R? > 0 when

—a?(l1—-a) < b < —a?/(l+a),
and both are negative when 2 < —a?/(1 —a). Returning to the original variables
we have:

(a) Stability, with four real roots if
g_e+(Q1 —e—4“£5.
o 14 (1 —e )t
(b) Instability, with two pairs of conjugate complex (not pure imaginary)
roots if eta—(l—e %)t g gtxy(]—gta)b

1—(1—e%)t ~a  14(1—et)}

(c) Instability, with two pairs of conjugate pure imaginary roots if

g _e—(l—et
a 1—(1—e )t

(this last case can occur with g > 0 only if
o < ay = Flog }(\/5+1) > 0-1203).
Thus the stability boundary is
6—4:1 + 1— e—4a ‘}
g _elet(1—et)t (8)

a 14(1 —eta)t
and is not a locus of ¢ = 0; on this neutral curve we have in fact
¢ = +a*[2a(1+a)]%.

There are waves with ¢ = 0; this occurs (cf. (7)) for two of the four modes when
R? = R%,i.e. when b = 0 or g/a = 1. This locus, however, lies entirely inside the
stable region and is not adjacent to unstable waves, though it does become
tangent to the stability boundary (8) as & — 0, reflecting the general fact that for
long waves any shear layer resembles a Kelvin-Helmholtz discontinuous shear
flow (cf. Drazin & Howard 1961). These stability characteristics are shown
graphically in figure 1.

In simple examples like this one it is not difficult to solve the problem com-
pletely, but with smoother (and thus perhaps physically more reasonable)
profiles, such complete solutions are generally only obtainable by rather exten-
sive numerical calculations. In such cases it is thus natural to attempt to find

t Professor J. Holmboe informed me during his recent visit to M.LT. that he also has
studied this example as well as some other similar ones, in preparation for some meteoro-
logical investigations. Another interesting example can be found in Holmboe (1962).
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only the boundary of stability, and when U is odd and g even this has been done
in several cases by assuming that this stability boundary is a neutral curve with
¢ = 0; in fortunate cases neutral solutions with ¢ = 0 can be found analytically,
more or less by inspection, and in any case the numerical calculation of the locus
in the Richardson-number-wave-number plane corresponding to neutral waves
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Ficure 1. Stability characteristics of stratified shear flow.

with ¢ = 0 is much easier than a complete calculation. The present example,
however, serves as a warning that in some cases neutral curves found in this way
may not be stability boundaries; if in the present case we had assumed the
validity of the principle of exchange of stabilities and looked only for neutral
waves with ¢ = 0, we should have erroneously concluded that the stability
boundary was g = a. This example was in fact constructed in an attempt to
understand an example with smooth profiles (U = |y[¥+9sgny, B = a|y|*1 for
ly| <1; U=sgny, f=0for |[y| > 1, a > 1) communicated to me by Miles, in
which a neutral curve with ¢ = 0 could be obtained. However, it lay partially
inside a region known to be definitely stable from the general theorem which
assures stability if g8 —1U'2 > 0 (cf. Miles 1961 and Howard 1961), and con-
sequently could not be the stability boundary. While this example of Miles has
not been analysed completely, it seems safe to conclude that its neutral curve with
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¢ = 0 is analogous to g = a in the present example, and that the true stability
boundary marks the onset of a pair of waves which are travelling, as well as
growing. One should not expect a model with discontinuous profiles to be satis-
factory when perturbations of short wavelength (compared to the natural length
scale of the smooth profiles being modelled) are considered, but physical intui-
tion as well as experience with the use of discontinuous profiles in other stability
problems (cf. Drazin & Howard 1962) suggest that a reasonable resemblance with
rogard to stability characteristics may be anticipated for small a, at least when
the effect of boundaries is negligible.

Some physical insight into the reasons for the occurrence of instability with
¢ not pure imaginary can be obtained by examining the eigenfunetion in more
detail in the case of large «. Large « is a favourable case for such physical inter-
pretation because then the disturbance is localized near the two interfaces
(cf. (3)) and it becomes possible to regard the low as two weakly coupled Kelvin—
Helmholtz flows; the instability can then be regarded as arising more or less
locally at each of the interfaces. An ordinary Kelvin—-Helmholtz instability of
wave-number « first arises (on the ‘Boussinesq’ model, with £ = &) when g/« is
decreased to half the square of the velocity difference across the interface, and
the disturbance propagates at the average of the velocities on the two sides. Thus
for large a we should expect one mode localized near the upper interface with
¢ = % on the stability boundary g/a = 1, and another localized near y = — 1, with
¢ = — } and the same stability boundary. In fact, for large « (8) does give gjot = %
as the stability boundary, and on it, since @ ~ 1, wo have ¢ = + 1. Withe = +1
and g/a = }, the first of the equations (4) gives A[—2]+Be%[—-3]=0, or
A =—3Be % Thus F(1) = B[1—$e %], F(—1) = Ble2* and F(1) » F(-1).
Similarly we find F(1) € F(—1) when ¢ = — }, thus verifying the interpretation
of the two waves as being essentially ordinary instabilities on the separate inter-
faces. When a is not large, this interpretation cannot be taken so literally because
the interaction of the two interfaces is more pronounced, but the same physical
picture seems more or less appropriate, and one should be conscious at least of
the possibility that ¢ = 0 does not give the stability boundary whenever an
antisymmetric flow is built up out of two reasonably separated shear layers.

3. Perturbation about the neutral curve

The examples of Drazin and Holmboe (cf. Miles 1961) are illustrations of cases
in which it has been possible to find closed-form solutions of the stability
equation by choice of special values of ¢ (in these cases, zero). When this is
possible, one obtains neutral solutions, which may be presumed to correspond
to the stability boundary. The example of § 2, however, emphasizes that this is
a presumption which should if possible be tested by examining the stability
characteristics near the neutral curve, though it is true that neither Drazin’s
nor Holmboe’s example seems at all likely, on the basis of the physical inter-
pretation of the travelling disturbance of § 2, to have ¢ + 0 on the stability boun-
dary, and in both cases the presumed interval of instability does reduce to the
known results for Richardson number — 0. Miles (1963) shows how (in the
analytic case) the behaviour near the neutral curve can be determined; but it

22 Fluid Mech. 16
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seems desirable to obtain a more or less explicit formula analogous to the one
obtained by Lin (1955) in the constant-density case which enables one to compute
dc/oa? at the neutral point, once the neutral solution is known. While perhaps not
entirely satisfactory from the point of view of mathematical rigour, the following
derivation (which is related to the method used by Lin), leads quite directly to
such a formula.

In attempting to generalize Lin’s result it is important to employ the proper
dependent variable. This is in fact already clear in the homogeneous case where
the variable used is the stream-function ¢; this, rather than, say, F (= ¢/(U —c)),
is the variable which does not become singular at the critical point as neutral
stability is approached, because the singularity at U = ¢ in the coefficient

— U"}(U —c) occurring in the equation for ¢ is cancelled by the zero in U”. The
situation is made simpler in the homogeneous case by the fact that the value of
¢ at the neutral point is known to be ¢, = U, = U(y,), where U"(y,) = 0. In the
stratified case, we may take ¢ = U at the neutral point but ¢, then is not neces-
sarily the inflexion point; it must itself be determined along with the neutral
eigenfunction. That this is to be expected can be seen, for instance, from the
equation for the stream-function ¢, which (with neglect of inertial effects of

stratification) is U
" 2 gﬂ —
¢ |ors g ] = 0. )
If ¢ is real, we have a singularity in U"/(U —¢) unless U” = 0 where U = c, but
the stratification term unavoidably introduces an even stronger singularity; in
fact in the stratified case ¢ does acquire some singular behaviour as neutral
stability is approached, as can be anticipated in the analytic case by noting
(cf. Miles 1961, 1963) that the exponents at the singularity at U =c are
1+ —J)%, J, being the value of the Richardson number g#/U’? at the point
Where U = ¢. In the analytic case Miles (1961) has pointed out that in the limit
of neutral stability (i.e. for a ‘singular neutral mode’) the eigensolution becomes
the solution associated with one of these exponents, or rather a certain definite
branch of it. In the non-analytic case the analogue of this appears to be that the
stream-function for a singular neutral mode is of the form ¢ = (U -¢)'= H
where 7 is a certain number between 0 and 1 (to be specified presently), the branch
of (U —¢)*~" is one which is continuous as ¢ approaches the real axis from above,
and H is smooth at y,. This can be made plausible by showing (plausibly) the
existence of such a smooth H, for a suitable value of », as follows: the equation
for H is (Howard 1961)

H' +2(1—n)U'WAH — [2+nU" Wi+ {n(l—-n) U2 —gB W—2]H =0

(U—c=W). (10)
Suppose ¢ is real and in the range of U. Then usually no solution of (10) will be
smooth at y,, but if n is chosen so that n(1 —n) U2 —gf = 0 at y, there will be one
solution which is, and it will have H, = %(1 —n)"t{nU;JU,—J,] H, where the
subscript ¢ denotes evaluation at y, and J(y) = gf/U’? is the local Richardson
number. A real value of n between 0 and 1 (actually two of them) with the above
property can be found if J, < 4, which is anyway necessary for a singular neutral
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mode (Miles 1961) and we may suppose ¢ restricted so that this is the case. The
smooth H found in this way will probably not satisfy the two boundary con-
ditions, but by suitably adjusting the values of ¢ and « they can presumably be
satisfied, if a singular neutral mode exists at all.

These observations, together with the known results for the analytic case,
appear to justify the hypothesis that as neutral stability is approached through
positive values of ¢; = Imc¢ it is the variable H (with » determined as above)
which approaches continuously the smooth (real) value of H (= H,) correspond-
ing to the singular neutral mode. We proceed to derive the perturbation formula
on this basis, supposing that we have a neutral solution H, with ¢ = ¢,, & = a,,
and g (or some over-all Richardson number) fixed; n(1 —n) = J,, = J,. We shall
think of this neutral solution as being approached by varying «, g being fixed,
and ¢ - ¢, with ¢; > 0. Now it is an immediate consequence of (9) that the func-
tional (suppose ¢; > 0)

U,

I=I(c,¢)=— f:”{¢'2+ (U7 W1 - gBW-2] $2} dy ~ fy’wy (1)

is stationary with respect to variations of ¢ which vanish at the endpoints,
provided ¢ is a solution of (9) and zero at the boundaries. (Note that in (11) we
have ¢2, not |¢|2; the problem for complex ¢ is not Hermitian, but is self-adjoint
in the ordinary real sense and so can be related to a variational, though not mini-
mal, problem.) Let ¢ = ¢(a) be the eigenvalue and ¢ = ¢, the eigenfunction
corresponding to a (real) wave-number «. Then the variation in I{c(e), ¢,}
produced by a small variation in a is, to first order, entirely due to the consequent
variation in ¢(x), and not at all to the variation of ¢,; since I{c(a), .} = o> we

have ol

a—c] c=c(a), p=0,.
Calculating 01/dc, the following formula for ¢’(et) results (¢ = ¢(z) and ¢ =¢,
are hereafter understood):

Ya Y.
c'(a) = "ocj Py + J [—U"W—2+ 298 W3] p%dy. (13)
A "

20 = ¢'(a) [ (12)

This holds for ¢; > 0. Now let « —> «,, ¢ - ¢,; in doing so it is essential to take
account not only of the singularities explicitly present in (13), but also of the
singularity in ¢. This is brought into explicit form by replacing ¢ by the variable
H = Wn-1¢ introduced above, with n(1 —n) = J, understood, so that as & —+ a,,
H - H, a smooth real-valued function which is supposed to be known (note
that the limit of ¢ = W1—"H is in general neither smooth nor real, because the
branch of (U —¢,)1~"is to be the limit for ¢ - ¢, from above of a branch of (U —¢)t—7
continuous on [y, y,] for ¢; > 0); (13) is replaced by

2 Ya
c'(o) = lim 20 fy WHi-nHdy - [—U"W-2n 4 2gfW1-2] H3dy. (14)
" h
For definiteness, suppose that
(U—cyy = |U—c|™ 2 if U>ec
and (U—c) 2 =et2mi | T—¢|2 if U<cg;
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this is easily seen to be the limiting result of defining (U —¢)~2" by taking

—m<arg(U—¢) <0 for ¢; > 0.

Since » lies between 0 and 1, the limiting value of the numerator of the right-hand
side of (14) is obtained simply by replacing ¢ by ¢, and H by H,, using the above
definition of (U —c¢,)~%"; the determination of the limit of the denominator
requires a little more investigation, since formal substitution of ¢, for ¢ produces
a divergent integral. This minor difficulty can be overcome by integrating by
parts. Evidently it is only the neighbourhood of the point (or points) at which
U = ¢, that need special treatment; if U, % 0 it is convenient to use U as an in-
dependent variable on some interval [a,b] about y, short enough that U, + 0
on it. Evidently the limit of the integral over any segment on which U < ¢, can
be obtained simply by replacing ¢ by ¢,. (If U, = 0, a different change of variable
is required, but a similar procedure may be used; if there are several points at
which U = ¢, surround each by an interval [a, b] and consider them one by one.)
For the interval [a,b] we have:

(@) If p < 0,
b b
lim f fly) W--vdy = f F) (U =)+ dy.

This is obvious if p < — 1, and easily shown also for p < 0, when the improper
integral converges.

() If p = 0, we have the well-known result
. b . ’ 4
tim [ o) Wrdy = inf, |03+ [ (W —a) o) dy,

the last integral being the Cauchy principal value.
(c) If p > 0,

f: fly) Wr-rdy = f: fU'—l( - ;) AW—> = — ; FU-W o[ + % f; (%) Wvdy:

if 0 < p < 1, the limit of the last integral can be obtained by (a); if p = 1 by (b);
if p > 1 a sufficient number of additional integrations by parts reduces the pro-
blem to either case (a) or (). By use of these results the limit of the denominator
of (14), and so ¢’(«,), can be obtained. The formula can be given a particularly
neat form in the case of odd monotonic increasing U and even £, with (supposing
the phenomenon illustrated by the example of § 2 does not occur) ¢, = 0. In this
case H? is even and (U —¢,)~ 2" = U~*" for y > 0 and (U —c,)%" = ¥ |U| 20
for ¥ < 0. Thus

Y Y2
limf W2-mH2dy = (1 +e2”m')f U2Xt-mH2%dy  (for 0 < n < 1),
—Vs 0

and lim | — U'W-H2dy = (1 e2mms) f " _UrU-e 2y

—UYa 0
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(this improper integral converges for » < 1 because U”(0) = 0). Finally

s W-i-tnpHdy nyz‘ﬁHZ dW-2n [_ pH? W—zn] Ye +—1—fy2 ('BHZ),W—zndy

7 _ - 9. ’ 5) ’
v 0 U 2n 2nU ey 2m)_,\U

pHU > ommiy 4 L 2oty [ (BHZY 17-2n
[_—ZW’— ya(l—@n)‘*‘zn(l—@ ) o) U™y (15)

0

Ordinarily one would take the first term to be zero, since H(y,) = 0; but in cer-
tain examples, for instance Drazin’s, U’(y,) = 0 also and this may produce
divergence at the upper limit in the integral, which is compensated by the first
term. This is a minor technical point caused by the fact that the variable U used
implicitly in the integration by parts is inconvenient at the upper limit though
appropriate near zero; the difficulty is readily overcome by taking the upper
limit < y,, retaining the first term above, and then evaluating the limit of the
sum of both terms as the upper limit — y,. If /U’ does not become infinite at
¥, this difficulty cannot occur; we now assume this, keeping the full formula (15)
available for the exceptional case. We then obtain

3 2 2\ 1
o' (@) = 2ot (nn) [ UR-wHy - [|-vms ) (%) | u-snay,
0 0 n\ U
(16)

As an example we may take Holmboe’s case, which Miles (1963) has studied:
U =tanhy, gf = Jsech?y, y,=o0. One finds a(l—a)=J, n=0a, and
H, = sech*y. (16) then gives, after a little elementary calculation,

1 COS 77,
mor,

B(

[EE
|
R

¢’(atg) 52 ) (17)
which can easily be shown to agree with Miles’s results. It should be recalled that
¢'(a,) is the derivative with ¢ (or in dimensionless form with some over-all
Richardson number J) held constant, and so should perhaps better be denoted
by (0c/oa) ;. This is not so useful as (d¢/0J ), near the point of maximum J on the
neutral curve. But if the neutral curve is given by J = J(«), say, we have

Qg) _ole,a) o, x)ole,d) ic) [ y) -1
o),  oJ,a) o, J)o(J,x)  \o)s|\Ox).]
Since the neutral curve is ¢ = 0 (in cases like Holmboe’s; otherwise we may make
the same argument with ¢, replacing ¢) (0J/2a), = J (a) on it, and thus we have

oc 1 /e
(51). ==z (5), o
combining this with (17) one finds for Holmboe’s example, after a little trans-
formation: " i
=) =—— 1).
(55). =~ Blewd) (19)

In Drazin’s case, U = tanhy, gf = J (= const.), n = a?; applying these for-
mulas (using the full form of (15) and letting v, — co to evaluate the denominator
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of (14) as mentioned above) 1 obtained the following results applicable on the
neutral curve JJ = a?(1 —a?):

dc 2icosmol . 5 s
(é&).} - TB(E_as:as)y (20

oc\ 1 9 1
(57). = =bes v

Tt is interesting to observe that these results, like the equation for the neutral
curve, are exactly the same as in Holmboe’s example except that « is everywhere

replaced by o2
This work was partially supported by the Office of Naval Research.

REFERENCES

Drazin, P. G. & Howarp, L. N. 1961 Stability in a continuously stratified fluid. J.
Engng Mech. Div., Amer. Soc. Civil Engrs, 87, 101.

Drazin, P. G. & Howarp, L. N. 1962 The instability to long waves of unbounded
parallel inviscid flow. J. Fluid Mech. 14, 257.

HormBoE, J. 1962 On the behaviour of symmetric waves in stratified shear layers.
Geofysiske Publikasjoner, Geophysica Norvegica, 24, no. 2.

Howarp, L. N. 1961 Note on a paper of John W. Miles. J. Fluid Mech. 10, 509.

Lin, C. C. 1955 The Theory of Hydrodynamic Stability. Cambridge University Press.

Mires, J. W. 1961 On the stability of heterogeneous shear flows. J. Fluid Mech. 10, 496.

Mies, J. W. 1963 On the stability of heterogeneous shear flows, Part 2. J. Fluid
Mech. 16, 209.



